In this paper, a simple and accurate analytical framework for the duplex mode selection and the power allocation scheme for full duplex (FD) device-to-device (D2D) communications underlaying wireless cellular network is proposed. We first aim at maximizing the D2D links rate by properly selecting the duplex mode of the D2D pairs and allocating the power of the users while fulfilling the quality-of-service (QoS) of the cellular users (CUEs). Since the resulting optimization problem is non-convex, we derive a first-order optimal solution by leveraging an interesting optimization tool named as sequential convex optimization theory. We also discuss how to obtain an efficient sub-optimal solution in term of complexity and accuracy by deriving the optimal power ratio between the D2D devices assuming an interference limited system. The simulations have shown more than 95% accuracy of the proposed approaches and provided great insights on the solution design parameters taking into account the CU location and the self-interference threshold.
I. INTRODUCTION
With the rapid growth in the users' data traffic demands and the scarcity of the radio spectrum [1] , the need of new technologies which use the spectrum efficiently and meet the users' data requirements has become an essential part in the future cellular network (5G). In this context, device-to-device (D2D) communication and Full Duplex (FD) technologies are proposed to improve the cellular spectrum utilization and the users' experience in a cellular network. D2D allows two nearby devices to initiate a direct link without base station (BS) participation or with limited participation [2] . On the other hand, FD allows a pair of devices to simultaneously transmit and receive in the same frequency band at the same time slot [3] .
The exploitation of the FD scheme in D2D technology can further improve the cellular spectrum efficiency and the users throughput due to the short distance property of the D2D communication [4] . However, the practical full duplex transceivers add new challenges for the D2D communication. For instance, the existing FD devices cannot perfectly eliminate the self interference (SI) imposed on the receiver by the node's own transmitter [3] . Thus, the residual self interference (RSI) which is tightly related to the transmitter power value highly affects the performance of FD transmission. In addition, using the FD technique creates additional interference in the network which may degrade its performance when compared with the half duplex (HD) transmission. Accordingly, the power allocation strategy and the selection of the D2D transmission mode are very important problems to be tackled.
The power optimization problem of an isolated full duplex D2D (FD-D2D) pair underlay cellular network was tackled in [5] . Built on this, the authors of [6] derived a convex optimization problem to maximize the rate of FD-D2D link while satisfying the minimum rate requirement of the cellular users. However, neither [5] or [6] provided an analysis on the best D2D transmission mode. Moreover, the solution therein is rather algorithmic. Without addressing the power allocation problem, the authors of [7] derived and analysed a closed form expression for the Ergadic sum rate of a FD-D2D network. The mode selection problem of a FD-D2D link was tackled in [8] - [10] . Using stochastic geometry the authors of [8] proved that by properly switching between HD and FD, the system spectrum efficiency of a FD-D2D pair can be improved. In [9] , the mode selection problem was investigated for an overlay and underlay FD-D2D enabled cellular network. However, the optimal power allocation was not discussed either in [8] nor in [9] . In [10] the duplex mode selection is investigated considering a D2D underlaying scenario and aiming to maximize the rate of the cellular user with a minimum constraint on the D2D users. Since the main goal of the D2D technology is to alleviate the load from the cellular network, it is more interested to study the performance of FD-D2D communication when the goal is to maximize the D2D rate while fulfilling the QoS of the CUE. In an interference limited scenario, the latter has a non-convexity structure and thus it will lead to a much challenging tasks. In addition, no closed form expression of the optimal power allocation was provided.
In this paper, we analytically investigate both the duplex mode selection and the power allocation problem of a FD-D2D underlaying cellular network. In particular, we provide two approaches to solve the power allocation problem. The first is based on the sequential optimization theory (SCO), [11] - [13] , which is iterative based solution. In the second solution, we develop an analytical framework which yields to a suboptimal solution but with high accuracy and low complexity.
Moreover, it provides a closed form expression for the optimal power allocation and an upper bound condition for the usage of full duplex.
The rest of this paper is organized as follows. Section II describes the system model and formulates the optimization problem. Section III and IV derive the optimal solution and section V provides the simulation results. Finally, the conclusion is drawn in section VI.
II. SYSTEM MODEL AND PROBLEM FORMULATION
We consider a D2D communication underlaying cellular network where M D2D pairs coexist with M cellular users. Each D2D pair D2D j consists of two nearby devices denoted as D j 1 and D j 2 and they have the capability to operate on both Full duplex and Half duplex modes, while the CU is assumed to be operated only in HD mode. Moreover, the D2D pair shares the uplink resources of the CU. In particular, UL resources sharing is considered since the UL resources are underutilized comparing to that of downlink. Furthermore, sharing the UL spectrum only affects the BS and incurred interference can be handled by BS coordination. We also assume that D2D j can reuse only the uplink channel of CU j and the CUs are allocated orthogonal channels. In other word, the focus in this work is on the mode selection and power allocation and not on the channel assignment step.
An instance of this network is depicted in Fig.1 in which two D2D pairs coexist with two cellular users (M = 2). The first D2D pair D2D 1 depicts the case of FD D2D communication while D2D 2 depicts the HD-D2D mode. The channel power gain between the jth cellular user and the BS is denoted as g j c,bs while the channel power gains between D j 1 and D j 2 and between D j 2 and D j 1 are denoted as g j d . The interference channel power gains from D j 1 and D j 2 to BS are respectively denoted by h j d1,bs and h j d2,bs , while h j c,d1 and h j c,d2 denote the interference channel power gains from the jth cellular user to D j 1 and D j 2 respectively. All direct/interference channels are assumed to be zero-mean complex Gaussian random variables (i.e., channels are expressing Rayleigh fading) with variance l −α ij , where i ∈ {c; d1; d2}, j ∈ {bs; d1; d2}, i = j, l ij denotes the distance between the nodes i and j, and α denotes the path loss exponent.
The channels h j 11 and h j 22 are the self interference channels at D j 1 and D j 2 . They can be modeled as complex Gaussian random variables with zero-mean and variance ηP j d1 and ηP j d2 respectively [5] , [6] , [8] - [10] , [14] , where P j d1 and P j d1 are respectively the transmission power of D j 1 and D j 2 , η denotes the SI cancellation capability of each D2D device. Hence, the residual SI power at D j 1 and D j 2 are respectively ηP j d1 and ηP j d2 .
A. Full duplex D2D link
In the FD D2D communication mode, both D j 1 and D j 2 reuse the spectrum of CU j to communicate with each other. Denote by N 0 the power of additive white Gaussian noise and let P j c be the transmission power of the jth cellular user, the received signal to interference plus noise ration (SINR) at BS, D j 1 and D j 2 when D2D j shares the spectrum of CU j can be respectively expressed as
Let B j be the bandwidth of the jth CU spectrum. Applying Shannon theorem, the rate of the jth D2D when FD mode has been selected can be expressed as:
Half duplex D2D link
For fair comparison with the FD mode, we assume that D j 1 and D j 2 are operating on two equally orthogonal portions of B j during the transmission. Thus, the received SINRs at BS from each couple (D2D j , CU j ) remains the same as in the FD mode, i.e., eq(1). However, and since in HD mode the RSI does not longer exist, the received SINR at D j 1 and D j 2 when D2D j is operating in HD changed to the follows:
Again by using Shannon theorem, the HD-D2D link capacity of D2D j is given by
C. Problem formulation
The main goal of D2D technology is to offload a portion of the data traffic from the cellular network. Thus, in this paper, we aim to maximize the total D2D capacity while satisfying the QoS of the cellular users. Since each D2D pair may operate either in HD or FD mode, two maximization problem must be studied.
Let R j min be the minimum data rate for the jth cellular user, and denote by P = [p j ] M ×3 the matrix of the users' transmission power with p j = (P j d1 , P j d2 , P j c ) being the transmission power of the couple (D2D j , CU j ), the D2D capacity maximization problem in the HD and the FD modes can be respectively formulated as follows:
where P i max is the maximum transmission power of a transmitter i. Solving P1 is the target of the following section.
III. POWER ALLOCATION AND DUPLEX MODE SELECTION
In this section, we focus on finding the best duplex mode and power allocation for all the users in the network with the assumption that the BS has perfect knowledge about the channel state information for both D2D users and CUs.
A. Problem reformulation
Observing that the couples (D2D j , CU j ), j ∈ {1, . . . , M }, are independent from each others, the maximization problems P1 and P2 can be respectively rewritten as follows:
Moreover, depending on the channel situation of each couple (D2D j , CU j ), the HD or the FD mode may be the optimal duplex mode. Therefore, the maximum D2D capacity can be achieved by optimizing the power of each transmission mode and then selecting the duplex mode with higher rate for each (D2D j , CU j ). Thus the total D2D capacity maximization problem can be reformulated as follows:
PA j F D : max
with PA j F D / PA j HD being the power allocation problem for the couple (D2D j , CU j ) operating in FD/HD mode. The couples (D2D j , CU j ) are independent, and thus in the following, and for ease of notation we derive the solution of P3 for a sample pair (D2D, CU ) i.e., we omit the j superscript from all the notation. The solution for any pair will be the same.
It can be observed that P3 is a non-concave problem, since both R F D and R HD are not concave function with p. Thus the global optimal solution of P3 is very hard to achieved. Therefore, in the following we present two suboptimal solutions. The first one obtains a first order optimal solution by using the sequential convex optimization theory (SCO). The SCO is an iterative based solution, and thus it may require high number of iteration to converge in some situation. In addition, it does not give a closed form solution. Therefore, to further reduce the complexity and derive a closed form solution we propose a new sub-optimal solution that finds the optimal power ratio between the users in the SIR domain which in turn leads to a high efficient sub-optimal solution of P3 in term of complexity and accuracy. Note that, even if it not mathematically proved, in most of cases the SCO theory finds the global optimal solution of the problem as reported in [15] [16] . Thus, the SCO method will be used to benchmark the results of our proposed method.
B. Sequential convex optimization method
In this section we solve the optimization problem defined in P3 by using the sequential convex optimization method. The SCO technique is an iterative algorithm which finds local optima of a non-convex maximization problem with objective f , by solving a sequence of simpler problems with convex objectives {f i } i . Moreover, SCO is guaranteed to converge to a first-order optimal solution of P3 when at each iteration i the following three properties are satisfied [12, Section IV].
Hence,the key point in SCO is to find a simpler objective {f i } i which fulfill the above three properties. In the following we show how to apply SCO in P 3.
Since both R F D d2d and R HD d2d have the same function structure we will demonstrate how to derive the first-order optimal solution only for the FD mode. Now, using the logarithm properties R F D d2d is reshaped as follows:
observe that r + f d and r − f d are concave functions and recall that any concave function is upper bounded by its first-order Taylor expansion at any point. Therefore, for any given power vector p t we can approximate (15) as follows:
Hence, (16) is lower bound of the utility in (15) . Moreover, since the lower bound in (15) is tight when evaluated in p t , (16) is equal to (15) for p = p t . Next, by using the linearity property of the gradient it is easily verified that ∇ ((15)) = ∇ ( (16)) | p=p t . Thus, all the above requirements are satisfied and by using this relaxation the convergence of SCO to the first order optimal solution is guaranteed. Similarly, the approximation of R HD can be derived as:
Note that both (16) and (17) are convex function (since they are summation of concave and linear functions), and thus the solutions of the power allocation problems PA F D and PA HD can be easily found by using any convex optimization tools such as CVX [17] . After that we select the duplex mode with higher rate. Therefore, the solution of P3 can be obtained by applying the previous procedure on each pair (D2D j , CU j ). Since SCO is an iterative based solution and it require solving an approximated convex problem at each iteration, in the next section we look to provide a closed-form suboptimal solution and also find the upper bound condition for using FD mode.
IV. THE PROPOSED POWER ALLOCATION SCHEME
Despite the interest of the SCO solution, the latter does not provide a closed-form analytical expression for the optimal power allocation and also may require high iteration numbers in some situation. Thus we use the SCO for benchmark purpose, and we present in this section a suitable analytical solution for P3. The proposed solution finds the optimal power ratio between the D2D users in the SIR domain and then calculates the corresponding power for each user in the SINR domain. The simulation results in section IV shows that the performance of the proposed technique is within the 95 % of the benchmark results achieved by the SCO method but with much lower complexity. Indeed, the proposed solution finds a solution for the PA problem by only searching three points. In addition, the proposed solution provides valuable information about the necessary conditions to operate in FD mode.
A. Optimal Power Ratio
The aim of this subsection is to find the optimal power ratio between the D2D users. To that end, first we relaxed the power allocation problems PA F D and PA HD to PA' F D and PA' HD respectively by considering an interference limited system, i.e., the noise power is assumed to be negligible compared to the interference power.
PA' HD : max
where x = P d1 /P c and y = P d2 /P c are the power ratio between the D2D users and the cellular user. M x and M y denote the maximum allowed power ratio which guarantees the CUE's QoS, i.e., γ c min . Ω stands for the feasible set of PA' F D and PA' HD and it can be illustrated as in In order to find the optimal power ratios of (18) and (19) we first provide Lemma 1, and then we introduce Theorem 1. Proof: First we provide the proof for the FD mode. For any scaling parameter λ > 1 and a power ratio pair (x, y) ∈ Ω we have the following,
Equation (24) states that given any (x, y) in the interior of the feasible region Ω, one can always find another power ratio, (λx, λy), that yields to a larger rate. Accordingly, the optimal point must lie on the border lines of Ω. It is easily verified that the maximum of (18) on the lines ov 1 and ov 2 are respectively the vertices v 1 and v 2 . Thus, the optimal point of (18) must reside on the line v 1 v 2 . A similar proof can be derive for the HD mode.
Denote by v * f d and v * hd the optimal power ratio of (18) and Q hd (x, y) and differentiating the result w.r.t x yields the following
where
C=(g c,d2 +ηM y ) g c,d1
Since F is seen to be always positive, the possible optima of Q f d can be found as the solution to Ax 2 + 2Bx + C, which is given by,
The obtained point, v f d 3 , does not always guarantee a feasible solution (since the solution of (27) may be an imaginary point or it may lie outside v 1 v 2 ) and does not always present a global maxima on the line v 1 v 2 (since there is no guarantee that the second derivative is always negative). Thus, using Lemma 1, the global maximum of (18) is either one of the corner points, i.e., v 1 or v 2 , or v f d 3 (if v f d 3 is feasible). For the HD mode, it is easily to see that the second derivative of Q hd is always negative. Thus, the optimal solution of Q hd is the solution of (26) which is equal to v hd 3 = −C 2B | η=0 . However, v hd 3 is not always a feasible solution because it may reside outside v 1 v 2 and thus the solution of Q hd is also either v 1 or v 2 or v hd 3 (if v hd 3 is feasible). This theorem shows that the optimal power ratios in the SIR domain v * f d and v * hd are reduced to a set of three points. The equivalent power of each user in the SINR domain is derived in the next subsection.
B. Optimal transmission power and duplex mode
Here, we are interested in finding a suitable sub-optimal solution of PA F D and PA HD by using the optimal power ratio derived in the previous subsection. To that end, first we change the form of the the QoS constraint defined in (10) as follows:
By inspecting the objective function of PA F D and PA HD , it is clear that the maximum rate occurs only if P c is at its minimum level. In other words, to obtain the maximum D2D rate the equality in (28) has to be achieved. Now by using this information, the corresponding transmission powers in the three dimensional space (P d1 , P d2 , P c ), of v 1 , v 2 , v f d 3 , and v hd 3 denoted respectively by V 1 , V 2 , V f d 3 , and V hd 3 can be calculated as follows:
and µ = γ c min gc,BS . Note that, x t and y t denotes the x and y abscissa of the power ratio point t. Similarly, P t k , k ∈ {d1, d2, c}, denotes the P k abscissa of the power point t.
Let p f d and p hd be the sub-optimal solution of (18) and (19) respectively. Then, similar to theorem 1,
the sub-optimal solution of P3, the following theorem summarizes all the results.
Theorem 2. p * can be found by only searching a set of four points as follows:
Proof: It is easily verified that R f d is always greater to R hd when p is equal to V 1 or V 2 , and thus only four points has to be searched instead of six. This is because the points V 1 and V 2 represent the case where only one of the D2D users is transmitting. Hence, in such case, the total bandwidth B must be used by the transmitter instead of using half of the bandwidth.
As a result, a suitable solution of P3 can be found by applying (32) on each couple (D2D j , CU j ). Here we should strengthen that the solution derived in this section is highly tractable as it has much lower complexity than the SCO solution.
C. Upper bound condition for using FD mode
First, we observe that the D2D pair operates in FD mode only when p = V f d 3 or equivalently when the power ratio is equal to v f d 3 . Thus, analyzing the performance of the D2D rate at this point may lead to an important characteristics of FD. Here we are interesting in finding the upper bound condition of using FD mode, and thus we study the case of perfect SI cancellation (η = 0) in the SIR domain. In such case, v f d 3 is reduced to the follows:
Moreover, when no RSI exist the second derivative of Q f d (x, y) can be written as
From (34), it is clear that in the case of perfect SI cancellation (18) is always concave. Thus, the FD mode will be the optimal transmission mode only if v f d 3 given in (33) is feasible and lies on v 1 v 2 . Hence, by comparing (33) with v 1 and v 2 the optimal condition of FD mode can be written as
Accordingly, the D2D pair can operate in FD only when (35) holds true.
V. NUMERICAL RESULTS
We consider a single cell network with radius R and M CUEs and D2D pairs. The CUEs are uniformly located in the cell while each D2D pairs is uniformly located within a randomly located cluster with radius r. The different simulation parameters are summarized in Table I . Fig. 3 compares the proposed power allocation scheme with the SCO method for different cluster radius and different SI cancellation factors. In this figure we generate M = 10 CUEs and D2D pairs 200 times. Each iteration we averaged the results of all the couples (D2D j , CU j ) and finally we averaged the results of all the iterations. As it can be seen, the curves are very close for almost all the cases. This is because our approach finds the global optima in the SIR domain, so at high SINR regime the solutions will be almost the same. At low SINR regime the D2D rate will be very low and thus the difference between the two solution will not be that important. The main difference between the two solutions are at the medium SINR region. Moreover, Fig. 3 clearly shows that as the cluster radius r increases the average rate decreases. In addition, we can see that the average rate increases as the SI factor decreases. For a SI coefficient η < −70dB, i.e. for a good SI cancellation technique, the average rate is saturated. This is because at low SI, the interference terms of other users will play the major role in setting the FD rates as stated in (35).
In Table II we report the average number of iteration required for convergence for the SCO method. As it can be seen, on average SCO requires three to five iterations to achieve the solution. In addition, at each iteration SCO requires using a convex optimization solver to solve the approximated convex problem. On contrary, the proposed method can find a good solution with only one iteration and without using any optimization solver. To show the effect of the CUE location on the optimal transmission powers we first set D1 and D2 at a distance equal to 100m and 140m from the BS. Then we moved the CUE toward the D2D pair and at each step we computed the optimal transmission powers as shown in Fig. 4 . From Fig. 4 we can see that when the CUE is near the BS and far from the D2D pair (d c,BS = 20m) both D1 and D2 can transmit with their maximum powers. However, when the CUE becomes close to D1 the transmission power of D2 decreases and at the point d c,BS = 70m only D1 must transmit to achieve the optima. This is because starting from this point D1 will face high interference from the CUE and thus it is better to send messages rather than receiving messages. The same analogy can be applied to the case where the CUE is closer to D2. On the other hand, P c increases with the increasing of d c,BS . This is because the CUE has QoS constraint. As a result, the CUE location highly affects the optimal mode selection.
To highlight the effect of the CUE location on the optimal D2D transmission mode, we reset the D2D users at 100m and 140m from the BS. Then, we moved the CUE on a random trajectory which covers almost all the cell. At each position we computed the optimal D2D transmission mode and we colored the CUE's location accordingly. As expected, when the CUE is far from the D2D pair, the yellow area in Fig. 5 , the optima is achieved by using the FD mode. However, when the CUE is close to the D2D pair, the blue sector in Fig 5, the optima can be achieved by turning off one of the D2D users. 
VI. CONCLUSION
In this paper we propose two frameworks to solve the joint mode selection and power allocation problem of a FD-D2D network. The first framework yields to a first-order optimal solution by using the SCO theory. The second framework gives a sub-optimal solution by finding the optimal power ratio between the users in the SIR domain and then computing the corresponding power in the SINR domain. The derived approach has been validated in simulation results. Among the different results, it is important to highlight the importance of the CUE location on the D2D transmission mode (HD or FD) as well the capabilities of the D2D devices to reduce the self-interference in the FD mode. As a future work, the maximization problem of the total rate, i.e., the rate of both cellular users and D2D users, will be considered. In addition, it might be interested to study the channel assignment problem of a FD-D2D network.
